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Abstract 

We prove that the pure state space is homogeneous under the action of the auto- 
morphism group (or a certain smaller group of approximately inner automorphisms) 
for a fairly large class of simple separable nuclear C*-algebras, including the approx- 
imately homogeneous C*-algebras and the class of purely infinite C*-algebras which 
has been recently classified by Kirchberg and Phillips. This extends the known re- 
sults for UHF algebras and AF algebras by Powers and Bratteli. 
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1 Introduction 



If y4 is a C*-algebra, we denote by S{A) the convex set of states of A and by P{A) the set 
of pure states of A. The automorphism group Aut(y4) of A induces an action (p on S{A) 
by affine homeomorphisms, i.e., if a G Aut{A), then 0(a) sends / G S{A) to fa~^. Note 
that this action leaves P{A) invariant since P{A) is the set of extreme points of S{A) and 
hence that it cannot be transitive on S{A) (except for the trivial case A = CI). But from 
Powers' result [jll| for UHF algebras we know that Aut(A) can act transitively on P{A) 



for some simple C*-algebras. See [H] for an immediate extension to AF algebras and |^ 
for a partial extension to Cuntz algebras. 

Note that Aut(y4) has some distinguished subgroups; Inn(A), AInn(y4), Inn(74). De- 
noting by U{A) the unitary group of A (or A + CI if A ^ 1), the group Inn(A) of inner 
automorphisms is given by {Adu \ u G U{A)} and the group Inn(y4) of approximately 
inner automorphisms is the closure of Inn (A) in Aut(y4) with the topology of strong conver- 
gence. The group AInn(y4) of asymptotically inner automorphisms consists of a G Inn(74) 
such that there exists a continuous path {ut)t(^[Q^i) in U{A) with a = lim^^i Adu^; in the 
classification theory of purely infinite simple C*-algebras AInn(74) is characterized as 
the group of automorphisms which have the same KK class as the identity automorphism 
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(see 1^ for a similar characterization in the case of simple unital AT algebras of real rank 
zero). Note that Inn(A) C Alnn(A) C Inn(A) C Aut(A) and that the inclusions are 
proper in general. In the statements given in the previous paragraph Aut(y4) should be 
replaced by Inn(y4) from the way in which they are proven. 

In this paper we aim to prove the following statement for a large class of separable 
C*-algebras A: If uJi and 002 are pure states of A with kerTr^^-^ = kerTr^^j, then there is an 
a G Inn(y4) such that uJi = uj2a. Looking at the proofs closely, even more is true in the 
cases we will handle; it will follow that one can choose a from AInn(74). Hence, restricted 
to the case that the C*-algebra A is simple, we are to try to prove that AInn(y4) acts on 
P{A) transitively. 

In the subsequent section we will introduce some properties for C*-algebras and show 
that these properties imply the homogeneity of the pure state space in the above sense if 
the C*-algebras are separable. This section contains the main idea of this paper. 

In Sections 3-5 we will prove the above properties (more precisely. Property be- 
low, the strongest among them) for a large class of C*-algebras, namely approximately 
homogeneous C*-algebras, simple crossed products of AF algebras by Z, and a class of 
purely infinite C*-algebras including the class which is classified by Kirchberg and Phillips 
^, 0. Hence the above-mentioned transitivity follows for these C*-algebras. We might 
expect that this transitivity holds for all separable nuclear C*-algebras. In section 6 we 
show that the transitivity holds also for the group C*-algebras if the group is a countable 
discrete amenable group. 

In Section 7 we note that even a stronger form of transitivity holds for the above men- 
tioned separable C*-algebras. One consequence is that given any sequence (tt^), indexed 
by Z, of distinct points in the set of equivalence classes of irreducible representations there 
is an asymptotically inner automorphism a which shifts this sequence, i.e., 7r„a = 7r„+i 
for all n. 

The properties for C*-algebras introduced in Section 2 seem interesting for their own 
sake. In Section 8 we will give yet another version, which is valid for the C*-algebras 
treated above, to derive a closure property saying that if the property holds for a C*- 
algebra, then it also holds for all its hereditary C*-subalgebras. See and for other 
consequences. 

The third named author would like to thank O. Bratteli for discussions at an early 
stage of this work. 



2 Homogeneity of the pure state space 

Let A be a C*-algebra and U{A) the unitary group of A (or A + CI ii A ^ 1). If two 
pure states Ui and UJ2 are equivalent or oji ~ uj2, i.e., the GNS representation vr^^^ and tt^^j 
are equivalent, then there is a u G tl{A) such that uJi = u;2AdM by Kadison's transitivity 
(1.21.16 of [0); we shall repeatedly use this fact below. First we define the following two 
properties for A: 
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Property 2.1 For any finite subset of A and e > there exist a finite subset Q of A 
and 6 > satisfying: If Ui and uj2 are pure states of A such that uji ~ uj2 and 

\uji{x) — uj2{x)\ < 6, X e G, 

then there is a u E U{A) such that oji = ti;2AdM and 

||Ad-u(x) — x|| < e, X G JF. 

Property 2.2 For any finite subset J-" of A and e > there exist a finite subset Q of A 
and 6 > satisfying: If Ui and uj2 are pure states of A such that ker ti^^ = ker ii^^ and 

\iui{x) — iU2ix)\ < 6, X e Q, 

then for any finite subset JF' of A and e' > there is a u E U{A) such that 

|ti;i(x) — ci;2AdM(x)| < e', x G JF', 
||Ad'u(x) — x|| < e, xeT. 

The following lemma is well-known (cf. 0]). 

Lemma 2.3 Let iO\ and uj2 be pure states of A such that ker -k^^ = ker tt^^^ ■ For any finite 
subset J-' of A and e > there is a u E U{A) such that 

\uji{x) — u;2Adn(x)| < e, x E T . 

Proof. Since ui is a pure state, there exists an e G A such that e > 0, ||e|| = 1, c<Ji(e) = 1, 
and 

\\exe — co'i(x)e^|| < e, x E J-'. 

Since ||7r(^i(e)|| = 1, we may suppose, by slightly changing e if necessary, that there is a 
^ G Ti-n^^ such that ||^|| = 1 and 7!'u)2{^)^ = C Since n^^ is irreducible there is a u G U{A) 
such that 7i^2{'^*)^^2 = ^- Since (Tri^al^^^)^) = ci;2AdM(a;), we obtain the conclusion. □ 



Proposition 2.4 For any C* -algebra A Property \2. i| implies Property ^ 



Proof. Suppose ^TT| and choose {Q, 5) for (JF, e) as therein. Suppose that uji and uj2 are 
pure states of A such that kervr^-^ = kervr^j and 

\uji{x) — uj2{x)\ < 5/2, X eQ. 



Let JF' be a finite subset of A and e' > with e' < 5/2. Then by Lemma p.3| there is a 
V E U{A) such that 

|u;2Ad v{x) -uji{x)\<t', X ET'ug. 

Since |u;2Adf (x) — ci;2(x)| < 5, x E there is a m G U{A) such that ||Adu(x) — x|| < 
X E T and ti;2Adf = co'2Adu. The latter condition implies that |ci;2AdM(x) — Ci;i(x)| < 
e', X E T' . This completes the proof. □ 
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Theorem 2.5 Let A be a separable C* -algebra. Then the following conditions are equiv- 
alent: 



1. Property |^.^ holds. 

2. For any finite subset J-' of A and e > there exist a finite subset Q of A and 
6 > satisfying: If uJi and uj2 are pure states of A such that ker n^^^ = ker vr^^j 
and |ti;i(a;) — uj2{x)\ < 6, x E Q, there is an a & Inn(yl) such that uji = UJ2OL and 
||a(a;) — x|| < e, x ^ T . If T = then Q can be assumed to be empty. 

Proof. First suppose (2). For any (JF, e) we choose as in (2). Let ui and uj2 be 

pure states of A such that kervr^^ = kervr^^ and |c<Ji(x) — uj2{x)\ < 6, x G Q. Then 
there is an a G Inn(A) as in (2). Since there is a sequence in U{A) such that 
a = hmAdw^, it follows that for any finite subset J-"' of A and e' > there is an n such 
that — to'2 Ad m„ (x) | < e', x G J-"' and ||AdM„(x) — x|| < e, x G JF. Thus (1) follows. 

Suppose (1). Given (JF, e) choose {Q, 6) as in Property and let Ui and UJ2 be pure 
states of A such that kervr^^^ = kervr^j and |ti;i(x) — ti;2(x)| < 6, x E Q. (If JF = 0, then 
we set ^ = 0, which will take care of the last statement.) 

Let (x„) be a dense sequence in A. 

Let JFi = U {xi} and let {Qi,Si) be the for (jFi,e/2) as in Property By 

there is a mi G U{A) such that 

||Ad-Ui(x) — x|| < e, X G JF, 
|u;i(x) — co'2AdMi(x)| < 61, X E Qi. 

Let JF2 = J'^U {xi,X2,Ad^(xi),AdM*(x2)} and let (^2,^2) be the (^,5) for {J^2,e/2'^) as 
in Property p.2| such that Q2 ^ Qi and 82 < 5i. Then there is a M2 G tl{A) such that 



||AdM2(x) — x|| < 2 e, X G JFi, 
|co'2AdMi(x) — co'iAd'U2(x)| < ^27 a; G ^2- 

Let JF3 = JF U {xi,Adu2(xj) | i = 1,2,3} and let (^3,53) be the {Q,5) for (jF3,2~^e) as in 
Property |2.2| such that D Q2 and ^3 < 82. Then there is a M3 G tl{A) such that 



II AdM3(x) — x|| < 2 e, X G JF2, 
|u;iAdM2(x) - u;2AdMiM3(x)| < ^s, x G ^3. 

We shall repeat this process. 

If Tk^Qki^ki and are given for k < n, let 

= JFu {xj, Adu*_iU*_3 - ■ ■u^(xi) I i = 1,2, . . . 

where 7^ = 2 or 1 depending on the parity of n. We then choose {Qn, ^n) as in Property 



O for (JF„,2 "e) such that ^„ D and 5„ < Finally we pick up a u„ G U{A) 



such that 



|AdM„(x) - x|| < 2 "+^e, X G JF, 



n-l 
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and if n is odd, 
else if n is even, 

|c^lAd(M2M4 ■••«„) (x) - UJ2M{UiU^ ■ ■ ■ M„_i) (x) | < (5„, X G 

We may assume that U„^„ is dense in A. 

Since ||AdMfc(xj) — Xj|| < 2^^"''-^e for k > i, we have that 

hm Ad(MiM3 • ■ ■M2n-i)(a;i) 

n — ^-oo 

converges for any i. Since (xj) is a dense sequence in A, we have that Ad(MiM3 ■ ■ ■ M2n-i) 
converges strongly on A; thus the limit a exists as an endomorphism of A. In a simi- 
lar way Ad(u2M4 ■ ■ ■ U2n) converges to an endomorphism (3 of A. From the estimate on 
a;iAd(M2U4 ■ ■ ■ U2n) — ci;2Ad(uiM3 ■ ■ ■ U2n+i), it follows that UiP = uj2a. 

We shall show that a and (3 are automorphisms. For that purpose it suffices to 
show that Ad('U2„M2n-2 ■ ■ ■'"2) s^nd a similar expression with odd-numbered Uk converge 
as n— i>oo. 

Since ||Ad'U„(x) — x|| < 2^"+-^e, x G J-'n-i, we have that if n > i, 

||AdM„Ad«_2<_4---M^)(xi) - Ad«_2<_4 ■■■«#) (xi) II < 2-"+^e. 

This implies the desired convergence. 

Finally, since JF„ d JF, it follows that the automorphisms a = limAd(MiM3 ■ ■ ■U2n-i) 
and P = lim Ad(-U2M4 ■ ■ ■ U2n) satisfy that 

||«(x) - x|| < 4e/3, ||/3(x) - x|| < 2e/3, 

for X G JF. Hence ||a/9~^(x) — x|| < 2e, x G JF. Since Ui = uj2aP~^, this completes the 
proof. □ 

In the following sections we will actually treat properties stronger than |2.1| . 

Property 2.6 For any finite subset T of A and e > there exist a finite subset Q of A 
and 5 > satisfying: If uji and UJ2 are pure states of A such that ui ~ uj2 and 

\uji{x) — uj2{x)\ < 5, X e G, 

then there is a continuous path {ut)t£[o,i] in U{A) such that uq = 1, ui = c<j2AdMi, and 

||AdMt(x) - x|| < e, X e J^, t e [0, 1]. 



As in the proof of 2.4 we can show that the above property implies: 
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Property 2.7 For any finite subset of A and e > there exist a finite subset Q of A 
and 6 > satisfying: If Ui and UJ2 are pure states of A such that ker vr^^ = ker vr^j and 

\uji{x) — uj2{x)\ < 5, X e G, 

then for any finite subset T' of A and e' > there is a continuous path {ut)teio,i] ^(^) 
such that uo = 1, and 

|ti;i(x) — co'2Adui(x)| < e, x E J-'' , 

\\Ad ut{x) - x\\ < e, X e J^, t e [0,1]. 

We recall here that AInn(y4) is the group of asymptotically inner automorphisms of 
A, a proper normal subgroup of Inn(A) in general. The following result can be shown 
exactly in the same way as Theorem is shown: 



Theorem 2.8 Let A be a separable C* -algebra. Then the following conditions are equiv- 
alent: 

1. Property |^. ?| holds. 

2. For any finite subset of A and e > there exist a finite subset Q of A and 
6 > satisfying: If uoi and UJ2 are pure states of A such that ker vr^;^ = ker tt^^.^ and 
\uJi{x) — uj2{x)\ < 5, X E Q, there exist an a E Alnn(A) and a continuous path 
(Mt)ig[o,i) in U{A) such that uq = 1, a = limj^i Adwt, uJi = u!2a and \\Adut{x) — 
a;|| < e, x E J^, t E [0, 1). If = ^, then Q can be assumed to be empty. 



Proof. The proof proceeds exactly in the same way as the proof of In the proof of 
(1)=^(2) of |2.5| we have defined the automorphisms a and (3 of A\ the a in the above 
statement is The a in the proof of |2.5| is defined as the limit of Ad(uiM3 ■ ■ ■ U2n-i)- 

In the present assumption we have a continuous path {unt) in ^(^) for each n such that 
UnQ = 1, Uni = Un, and \\AdUnt{x) — x\\ < 2^"+^e, X G J-'n-i- We define a continuous 
path ivt)te[o,oo) by: for t E [n,n + l], 

Vt = U1U3 ■ ■ ■ U2n^lU2n+l,t~n- 

Then it follows that Vq = 1, a = limt^oo Adf^, and ||Adi;t(x) — < 4e/3, x E T. We 
prove that /? also enjoys a similar property and thus does too. This shows that 

(1) ^(2). 

The other implication is obvious since it is assumed that mq = 1 for the path [ut) in 

(2) . □ 

We will consider even a stronger property: 
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Property 2.9 For any finite subset J-" of A and e > there is a finite subset Q of A and 
6 > satisfying: If B is a C* -algebra containing A as a C* -subalgebra and uji and uj2 are 
'pure states of B such that uJi ~ 002 and 

\uji{x) — cj2(x)| < 5, X e G, 

then there is a continuous path (ut)tg[o,i] in U{B) such that uq = 1, ui = ci;2AdMi, and 

\\Adut{x) — x|| < e, X E J-' , t E [0, 1]. 

In the above property we may replace the exact equahty uji = uj2Adui by an approxi- 
mate one ||ci;i — co'2AdMi|| < e; by Kadison's transitivity one can make a small modification 
to {ut) to get the exact equality. 

Obviously pl9l=^p^6|=^p^ among the properties defined above. 

Lemma 2.10 When A is unital, Property \2.(] is equivalent to the one obtained by re- 
stricting the ambient algebra B to a C*-algebra having 1a as a unit. 

Proof. Given (JF, e) let {Q, 6) be the one obtained in this weaker property. Let Qi = 
Q U {NIa}, where will be specified later to be a large positive number, and suppose 
that B is given such that B D A and 1^ is not an identity for B. If tt is an irreducible 
representation of B and Ui, U2 are pure states of B defined by the unit vectors ^1, ^2 £ '^tt 
respectively such that |a;i(x) — uj2{x)\ < 2~^e^5, x G Qi, then we can choose so large 
that |a;i(l^) — a'2(lyi)| is very small and either, uji{1a) and ci;2(1a) are smaller than e^, or 
02(a;)| < S, x E Q for the states = u!i{lA)^^uJi\lABlA- In any case we can choose 
a continuous path {wt)telo,i] in W((l — 1a)B{1 — 1a)) such that || (1 — 7r(l^))^i — 7r(wi)^2|| is 
very small. In the former case where ||7r(l^)^j|| < e, we set Vt = 1a and in the latter case 
we choose, by the weaker property, a continuous path (t't)te[o,i] in U{1aB1a) such that 
— 7r(t>i)^2|| is very small and ||Adfj(x) — x\\ < e, x E T. Setting Ut = Wt + Vt, it 
follows that 11^1 — vr(Mi)^2|| is of order e and ||AdMt(a;) — < e, a; G J-". This completes 
the proof. □ 

Proposition 2.11 If C denotes the class of C* -algebras with Property \2. ^ , then the fol- 
lowing statements hold: 

1. If A E C is non-unital, then A E C, where A is the C* -algebra obtained by adjoining 
a unit to A. 

2. If Ai, A2 eC are unital, then Ai® A2 e C. 

3. If A E C and e E A is a projection, then cAe G C. 

4. If A G C and I is an ideal of A, then the quotient A/I G C. 

5. If {An) is an inductive system with An G C, then limn An £ C- 
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Proof. To prove (1) we may assume that 1^ = 1^ in Property |2.9| . Then this is obvious. 

To prove (2) let JF be a finite subset of A = Ai (B A2 and e > 0. Then there is a 
finite subset JFj c Ai for each i = 1,2 such that if ||AdM(a;) — a;|| < e, x E J-'iU JF2, then 
||AdM(a;) — x|| < e, x E JF, for any u G U{B) with B D A and 1b = 1a- Choose {Qi, 6i) for 
{J^i, e) as in Property |2]^. We may suppose that 61 = 62 = S hy multiplying each element 
of Qi by 62/ 61. Let ^ = ^1 U ^2 U {Npi, Np2}, where Pi is the identity of Ai in B (and so 
Pi +P2 = !)• Let TT be an irreducible representation of B and let Ui be a pure state of B 
defined by a unit vector G 7i,r for z = 1, 2. 

By choosing N sufficiently large, we may assume that if |ci;i(a:)— to'2(a;)| < x E Q, 

then it follows that \uji{pi) — U2{pi) \ is very small for i = 1,2, and both uJi{pi) and u}2{pi) 
are smaller than or 

In the former case we set Uu = Pi and in the latter case we obtain a continuous path {uit) 
in U{piBpi) such that Uio = Pi, and 

||Ad Ujt(a;) — a;|| < e, x E Ti, 
uJx{piy^uJx\PiBpi = U2{pi)~^uj2Aduii\piBpi. 

By multiplying (ujt) by a T-valued continuous function, we may further suppose that 
7r(nii)6 = lk(Pi)6||lk(Pi)6ir^7r(pi)^2, where ||vr(pi)^i|| ||7r(pi)^2ir^ is arbitrarily close to 
1. Set Ut = Uit + U2t] then — co'2AdMi|| is of the order of e (since ||7r(Mi)^i — ^2!! is at 
most of order e) and ||AdMf(x) — x|| < e, x E J^iU T2- 

To prove (3) let e be a projection m. A EC and let -B be a C*-algebra with B D tAe 
and 1b = e. Then there is a C*-algebra D such that eDe = B and the diagram 

eAe C B 

n n 

A C D 

is commutative. (To show this we may suppose that A acts on a Hilbert space Ti. and 
that B acts on eH with B D eAe. We set D to be the C*-algebra generated by B and 
yl.) Let be a finite subset of eAe and e > 0. Let J-'i = J-" U {Ne} with N sufficiently 
large. We choose for {J-'i,e) from Property ^]9| of A and set Qi = {exe \ x E Q}. 

Let ti;i,ci;2 be pure states of B such that ui ~ 002 and |ci;i(s) — co'2(x)| < 5, a; G Qi. Extend 
uJi to a pure state of D; since the extension is unique, we denote it by the same symbol. 
Since Ui{x) = Ui{exe), we obtain, from Property |2^ , a continuous path (ut) in U{D) 
such that Mo = 1, ui = a;2AdMi, and ||Adtit(x) — x|| < e, x E T\. Since ||[e,Mt]|| is very 
small, we can obtain a continuous path in lA{eAe) from (eufe) which satisfies the required 
properties. 

To prove (4) let B a C*-algebra with B D A/I. Let D = B ® A and embed A into 
D hj X ^ {x + I, x). Let be a finite subset of A/ 1 and e > 0. For each x E T choose 
an xi G A such that Xi + / = x and denote by T\ the subset consisting of such x\ with 
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X G JF. For (jFi, e) we obtain {Qi, S) as in Property pl9[ Denoting by p the projection of 
D onto B, we set ^ = {p{x) \ x G ^i}. Then it is easy to check that (^,5) satisfies the 
requires properties for e). 

To show (5) note, by (4), that {An) can be regarded as an increasing sequence in C. 
Then for any finite subset T of U„A„ we find An which almost contains T. Hence this is 
immediate. □ 



3 Homogeneous C*-algebras 

In this section we will show that the C*-algebras of the form C ® Mn have Property |2.9| , 
where C is a unital abelian C*-algebra. Then it will follow by p. 11 that any approximately 



homogeneous C*-algebra has Property f^.9| . Furthermore we will attempt to prove that 
some subhomogeneous C*-algebras have Property |2.9| . 
The following is well-known. 

Lemma 3.1 For any e > there is a S > satisfying: If A is a C* -algebra and A+i = 
{a; G A I X > 0, < 1}, then that \\x — y\\ < 5 implies that \\x^/'^ — y^^'^W < e for any 
x,y e A+i. 



Proof. For any e > there is a real-valued polynomial p{t) with p{0) = such that 
\t^/^ -pit)\ < e, t G [0,1]. If = E»=i«i^S set C = Then for x,y E A+i we 

have that ||p(a;)— < C||x— ?/||. Hence for G A+i the condition that ||a;— ?/|| < e/C 
implies that - ?/^/^|| < 3e. □ 



Lemma 3.2 For any e > and n G N there exists a 6 > satisfying: If ^1,^2, • • • 
are vectors in a Hilbert space H with dim(7i) > n and c = (cjj) is an n x n matrix such 
that Y,i=i Uif < 1, c > 0, and 

hj - (6,0)1 < = 1,2, ... ,n, 

then there exist vectors T]i,ri2, . . . ,rin inTi such that 

iViiVj) = dj, = 1,2, ... ,n, 
116 - Vi\\ < e, i = 1,2, . . . ,n. 



Proof. Let dij = Then the nxn matrix d = [dij) satisfies that d > and \\d\\ < 1. 

The condition that \cij — dij\ < 6 for all i,j implies that ||c — d\\ < n6. 

If d is strictly positive, then define r]i = J2k=i('^^^'^'^~^^'^)ik^k- Then by computation 



9 



and 

\h-a'-ic'/'-d'/ru<\\c'/'-d'/Y- 

By the previous lemma one can choose 5 > so small that \\c^^^ — d^^^\\ < e follows from 
||c- < n5 and \\d\\ < 1. 

In general let £ be a subspace of Ti such that C 3 for all i and dim£ = n. Then there 
is a sequence {iki,ik2, ■ ■ ■ ,ikn) of bases of C such that — Ci||~^0 k^oo. For each 
iCki, Ck2, ■ ■ ■ , Ckn) o^c Can apply the previous argument to produce vectors rjki, %2, • • • , Vkn 
in jC. By using the compactness argument for the limit of k to infinity one obtains vectors 
r]i,r]2j ■ ■ ■ ,r]n in C such that {rji, rjj) — Cij and ||77i — = (c^/^ — o?^^^)|. This completes 
the proof. □ 



Lemma 3.3 For any e > and n G N there exists a 6 > satisfying: Given sequences 
{^1, C2, ■ ■ ■ , in) CLnd {rji, rj2i ■ ■ ■ , ?7n) of vectors in a Hilhert space Ti such that < 1; 

Wmf < 1; and 

I {ii, ij) - {Vi, Vj)\<S, J = 1, 2, . . . , n, 
there is a unitary U onTi. such that 

- ViW < e, i = 1,2, . . . ,n. 

Proof. If dimTi > n, then choose 5 > as in the previous lemma and find a sequence 
{(1X2, ■■ ■ ,Cn) in 'H such that {(iXj) = (^ii'Cj) ^-nd — < ^- Then we can find 
a unitary U on 7i such that U^i = Q for i = 1,2, ... ,n, which satisfies the required 
properties. 

If m = dimTY < n, we first choose m vectors from (^1,^2, ■ ■ ■ ,Cn)- Pick up with 

ll^jjl = maxj ll^jll- Let Pi be the projection onto the subspace spanned by and pick 
up ii.^ with 11(1 — -Pi)'Ci2ll = maxj ||(1 — Pi)ij\\. Let P2 be the projection onto the subspace 
spanned by ^1-1^,^12 and pick up ,^43 with ||(1 — -P2)'C«3ll = maxj ||(1 — P2)Q\\- Repeating 
this process we obtain {ii,{i2) • • • )Cim) which we assume are all different as we may. If 
j ^ I — {ii, i2, ■ ■ ■ , ^m}, then there are e C for A; e 7 such that 

kei 

Prom the construction of / we can assume that |c^| < 1. (If ^fc, A; G / are linearly 
independent, then of course \cj\ < 1 automatically.) If \ {i,i,ij) — {rii,rij)\ < 6 for all i,j, 
then \\rij — '^^ei '^jVk\\^ < (m + 1)^5. Thus if we define a unitary U on 7i by requiring 
that ll^^Cfc ~ %!! < /c e /, we obtain that for j /, 

\\Uij-Vj\\ <J2\c^j\\\uik-Vk\\ + H-J2'''j'^'^\\^'^^+('^ + ^')^^- 

kei kei 
This completes the proof. □ 
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Lemma 3.4 Any matrix algebra Mn has Property \2. ^. 



Proof. Let B he a C*-algebra containing A = Mn with 1^ = 1a- Let {cij) be the 
set of matrix units of A = Mn. Since A is spanned by the matrix units, we may take 
{^ij M) J = 1) 2, . . . , n} for both JF and Q in Property |2.9| . Let e > and let 5 > be the 
5 for en~^/^ in place of e in Lemma 3.3. 



Let TT be an irreducible representation of -B on ?i and let ^, ?7 be unit vectors in Ti. such 
that 

\{'^{eij)^,0 - {7r{eij)r],r])\ < 6 

for all We apply Lemma |3.3| to the sequences (Tr(eij)^) and {7T{eij)ri) and obtain a 
unitary f/ on the subspace C spanned by (7r(eij)^) and {n{eij)ri) such that ||f/7r(eij)^ — 
7r(eij)?7|| < en"^/^. Since U = e*^ with < tt we choose a self-adjoint h = h* E enBeu 
such that ||/i|| < TT and 7r(/i)|£ = H. Define a unitary -u^ for each t G [0, 1] by 

i 

Then it follows that Ut E B (1 A'. By computation 

||7r(ni)^ - r^f = \\^{n{eii)Un{eii)^ - 7r{eii)r]}\\'^ 

i 

i 

< e\ 

Thus ||7r(Mi)^ — r/ll < e. Since Ut E B n A', this completes the proof. □ 



Proposition 3.5 If A is a unital C* -algebra satisfying Property \2. ^ and C is a unital 
commutative C* -algebra, then A®C satisfies Property 



Since any unital commutative C*-algebra is an inductive limit of quotients of C(T"), 
we may assume that C = C (T) in the above proposition by p.ll| . This follows essentially 
from the following lemma. 

Lemma 3.6 For any small e > and e' > there exist a 5 > and n G N satisfying: 
Let U be a unitary operator on a Hilbert space Ti with E its spectral measure and let ^, rj 
be two unit vectors inTi. If 

\{U'i.0-{U\ii)\<5 

for k = 0,±1,... ,±n, there exists a sequence (ti,t2,... ,tm) of points in T such that 
ti^i < ti in the cyclic order with to = tm, e/2 < dist(tj_i, tj) < 3e/2 and 

\\\E{ti.r,tM'' ~\\E{U-uUH?\ <2e\ 

\\E{t, - 7/2, t, + 7/2)ef < e', \\E{t, - 7/2, t, + ^I2)r^f < e', 
where 7 = ee'/4 and the total length o/T is normalized to be 1. 
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Proof. Let 7 = ee'/A. For any interval J of T = R/Z of length e/2, there is a t G / 
such that both + (-7/2, 7/2])^f and \\E{t + {--f/2,-f/2])r]f are smaller than e'. 
Otherwise 

{E{t + (-7/2, 7/2])e, + {E{t + (-7/2, 7/2])r7, r^) > e' 
for any t & I, which implies that 

{E{J)^,0 + {E{J)V,V)>2, 

for an interval J including /, a contradiction. Thus there is a sequence {ti,t2, ■ ■ ■ ,tm) of 
points in T such that ti„i < tj in the cyclic order and e/2 < dist(tj_i, tj) < 3e/2 with 
to = tm, and ||^(Ji)ef < e' and ||^(Ji)r7f < e' for = + (-7/2,7/2]. 

Let / be a C°°-function on T such that < / < 1, supp/ C [0, 1/4], and / = 1 on 
[7/2, 1/4 — 7/2]. If C,,Ti satisfy the condition in the statement for a sufficiently small 6 
and for a sufficiently large n, it follows that for any product g of two translates of /, 

\{9m,0-{9iU)v,v)\<e'. 

We construct a function /j, as the product of two translates of /, such that supp/, C 
[U_,,ti] and /. = 1 on [t,_, + j/2,U - ^/2]. Since \{fi{U)^,0 " {fi{U)v,v)\ < e', and 
||£'(Jj)^|p < e' etc., we have that for any i, 

This completes the proof. □ 

Proof of Proposition \!^.d( By the following lemma, for any finite subset J-' oi A and e > 
we have a finite subset Qa of A and 6' > satisfying: Let i? be a non-unital C*-algebra 
such that A is a unital C*-subalgebra of the multiplier algebra M{B) of B. If two pure 
states t^i,co'2 of B satisfy that ui ~ UJ2 and |c<Ji(x) — uj2{x)\ < S', x G Qa, where Ui also 
denotes the natural extension of Ui to a state on M{B), then there is a continuous path 
(ut) in U{B) such that Ut — 1 E B, Uq = 1, Ui = c<j2AdMi, and 

||Ad'Ut(x) — x|| < e, X G J-'. 

We may assume, by replacing 5 by a smaller one, that ||x|| < 1 for x E Qa and also that 

ieQa. 

Suppose that B D A® C{T) with the common unit. Given e > and e' = e^6'/A we 
choose 6, n as in the previous lemma. 

Let Q = {xz^ I X G Qai \k\ < n}, where z is the canonical unitary of C(T) ^ 
1(8>C(T) C A®C{T). Let vr be an irreducible representation of B and u!i,lj2 be the pure 
states of B defined through unit vectors ^, rj respectively. Suppose that 

\uji{x) — iJ2{x)\ < m.m{6,e'), xeQ. 
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For U = 7t{z) we have that 

\{U'^,0-{U'r^,v)\<S, \k\<n. 

Then we obtain a sequence (ti,t2, • • • ,tm) in T as in p.6| . Let Bi be the hereditary C*- 
subalgebra of B generated by E{ti-i,ti), where E is the spectral measure of z. There is 
a natural unital embedding of A into the multiplier algebra M{Bi). Let fi G C(T) be a 
function supported on as given in the proof of the previous lemma. Then from 

the proof of we may assume that 

\uJi{xfi{z)) - uj2{x fi{z))\ < e', X e Ga, 

which then implies that 

\{xE{U_,,U)^,0 - {xE{U_i,U)r],r])\ < 2e', x e Qa- 

We define constants Cj, rfj by 

di\\E{ti^,,ti)^\\ = Ci\\E{U^i,ti)r]\\ = mm{\\E{ti_i,ti)^\\, ti)r/||), 

where E is regarded as the spectral measure of f/ = 7r(z). If 

di\\E{U^i,ti)^\\ = Ci\\E{ti^i,U)7]\\ < e3/^ 

then we set Uu = 1 E U{Bi); otherwise for the states on Bf ipi = \\E(ti_i,ti)C,\\^'^uJi\Bi 
and ip2 = \\E(ti^i,ti)ri\\^'^uj2\Bi, it follows that 

\<^i{x) -<^2{x)\<4:e'e-^ = 6', x e Qa- 

Here we have used the fact that \1 — \\E{ti_i,ti)^\\^'^\\E{ti_i,ti)r]\\'^\ < 2e'e~^ and ||x|| < 1 
for X G Qa- Hence we obtain a continuous path (uu) in U{Bi) such that Uu — 1 & Bi, 
\\Aduit{x) — x\\ < e, X E J-', and TT{uii)diE{ti^i,ti)C, = CiE{ti-i,ti)ri. Then the sum 
(ut) of (uit) over i defines a continuous path in U{B) (or regarding each uu as in U{B) 
take the product of these uu over i). Then, since dist(tj__i, tj) < 3e/2, we have that 
llwfZ — zutW < Sne and also that 

||Ad?it(a;) — x|| < e, x G JF. 
Let S be the set of i with di\\E{ti^i,ti)^\\ > e^/^. Then 

Y,\\d^E{U_^,ti)^f <2e\ 

and hence 

J2 \\d^E {ti-i, U)^f >l-3e^, 
ies 
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because < 2e'e ^ < e^5'/2, which can be assumed to be smaller than e^. 

Since TT{ui)diE(ti^i,ti)^ = CiE(ti^i,ti)ri, for i G S", we have that 

^(wi) diE{ti^i,ti)^ = ^ CiE{ti^i,ti)T]. 
ies ies 

This implies that 

||7r(Mi)^-r/|| < 2y3e. 

This completes the proof. □ 

Lemma 3.7 If A is a unital C*-algebra satisfying Property \2.!^ . Then for any finite subset 
J-" of A and e > there is a finite subset Q of A and 6 > satisfying: If B is a non-unital 
C* -algebra such that A C M{B) with common unit and it is an irreducible representation 
of B, and ^,rj are unit vectors in such that if 

l(7r(x)^,0 - (7r(x)r7,r7)| < 5, xEQ, 

where it also denotes the natural extension of it to a representation of M{B), then there 
is a continuous path {ut)teio,i] in IA{B) such that Uq = 1, rj = tt^ui)^, Ut — I E B, and 

\\Adut{x) - a;|| < e, x e t e [0, 1]. 

Proof. In the situation as above, for the choice of {Q, 5) made for Property p.9| , we have 
a continuous path {ut) in U{M{B)) such that Uq = 1, ri E C7r{ui)C, and 

||Ad'U((x) — x|| < e, X E J-", t E [0, 1]. 

By multiplying (ut) by a suitable continuous function, we may assume that rj = 7i{ui)C,. 

Let (ej be an approximate identity of B. Since [e^jx] e B converges to zero in the 
a{B,B*) topology for any x G M{B), we can assume, by taking a net from the convex 
combinations of e^'s if necessary, that [e^,x] converges to zero in norm for x G M{B)] in 
particular [e^, Ut] converges to zero as well G J-'. Thus we find a sequence (e„) 

in B such that < e„ < 1, 7r(e„)^— [e„,Mf]— >0, [e„,a;]— i^O, x E J-', and e„em — Cm^O 
as n— >-oo for each m. Let /i G (0, 1) be so close to 1 that \\ut — M^t|| < e for t G [0, 1] and 
let A; G N be such that \\u^kt — 1|| < e. For a subsequence (rij) set 

zt = UtCn^ + u^tPi + u^J?tP2 H \- Ut^HPk + 1 - e„^^^, 

where pi = e„.^j — e„.. By assuming that en._^^e„- ~ e„-, we have that pipj ^ if > 1. 
We can also assume that Zt almost commutes with and x E T . Hence ZtPi ^ u^j^itPi, 

ztCn^ ^ UtCni, and ztil-Cn^^J ~ l-e„^^j, all up to e. Since 1 = + XlLi Pi + ^ " ^"fc+i 
and piZfZtPj is arbitrarily close to zero if |i — j| > 1 for i,j = 0, 1, . . . , + 1 with 
Po = pfc+i = 1 — e„^^j, we can conclude that z^Zt ~ 1 up to the order of e. (For 

example Wz^Zt - 1|| = || E?=o - ^)Pi\\ < II El-s^^t - IKII + II Ei^t^t - lK+i|| < 
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2maxj IK-Zt^z* — Hence zt is close to a unitary in _B + 1 up to the order of e. By 

assuming that 7r(enJ^ ~ ^, we have that vr(2i)^ ^ 77. In this way we can construct 
a continuous path {vt) in in a small neighborhood of {zt) (of order e) such that 

7r(vi)^ ~ ?7, — 1 G -B, and ||[fj,a;]|| ~ up to the order of e for a; G T. This completes 
the proof. □ 

For n = 1, 2, . . . let Dn denote the dimension drop C*-algebra: 

Dn = {xe C([0, 1]; Mn) I x(0), a;(l) G CI4. 



Lemma 3.8 For any k,n ^N, Dn ® Mk has Property 

Proof. For any finite subset of (S> and e > 0, we find an interval [a, b] C (0, 1) 
such that if X G JF, then \\x(t) — a;(0)|| < e for any t G [0, a] and ||a;()f:) — x(l)|| < e for 
any t G [6, 1]. Hence we may suppose that if x G JF, then x(t) = x(0) G 1„ ® for 
t G [0, a] and x{t) = x{l) G ® Mk for t G [&, 1]. Replacing a by a smaller one and b by 
a larger one, we may further suppose that if a; G JF, then x{t) = x{0) around t = a and 
x{t) = x(l) around t = b. Denoting by J-'\[a, b] the subset of C[a, b] M„ (g) Mk obtained 
by restricting JF to [a, b], we choose {Q2, ^2) for (JF|[a, b], e) as in pl7| . Similarly we choose 
{Qo, So) for (JF| [0, a], e) with JF| [0, a] as a subset of 1 and {Qi, 61) for (JF| [6, 1], e) with 



1] as a subset of 1 ® by using [STTI . We may assume that = (^i = (^2 = and 



< 1 for X G ^oU^iU^2- Furthermore we may assume that if x G G2, then x(t) = x{a) 
around t = a in [a, b] and x(t) = x(6) around t = 6 in [a, 6]. For x G ^2, "we set 

{x(6) t > b 
x(t) a<t<b 
x(a) t < a 

and define ^2 = {x | x G ^2}U{1} C C[0, l](g)M„(g)Mfc. If < a' < a and 6 < 6' < 1, we can 
choose {Q\[a' ,b'],6) as the (^,5) for (jF|[a', 6'], e) in pI7| ; because there is an isomorphism 



of C[a,b] ® Mn® Mk onto C[a' ,b'] ® M^ ® Mk which sends J^\[a,b] onto JF| and 
G2 = G2\[ci',b] onto ^2|K,6'] respectively. 

Let G N be such that NSe'^ > 16, and let e' > be such that A^e' < min(a, 1-6). 

Let 

h = {a-{k + l)e', a - ke'], Jk = {b + ke', b + {k + l)e'] 

ioY k = 0,1,. . . ,N - 1. Let fk G C[0, 1] be such that < fk < 1, supp/fc C (a - (A; + 
l)e',6+(A; + l)e'], and /^(t) = 1 for t G [a-ke',b + ke'] and let fok = {l-fk)X[o,a] G C[0, 1] 
and fik = (1 — /fc)X[6,i] ^ ^[0' -'-]• Finally we define a subset ^ of D„ (S) as the union 
of {fkX I X G ^2, = 0, 1, . . . , — 1}, {fokX \ X e Go or X = 1; k = 0, . . . , N — 1} , and 
{/ifcX I X G ^1 or X = 1; k = 0, . . . , — 1}. 

Let S be a C*-algebra containing Dn ® Mk as a unital C*-subalgebra and let n be an 
irreducible representation of B. Let ^, 77 be unit vectors in Hn such that 

IMx)e,e)-(7r(xKr7)| <(5eV4, xG^ 
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We first choose k such that 

Sk = WxiMl^ + WxiM^ + WxjMI^ + WxjM^ < (^e'A 

where Xh is the characteristic function of Ik regarded as an element of (D„(8>Mfc)** C B**, 
which is also identified with vr**(x/^) etc. (Otherwise Sk > 5e^/4 for all k leads us to a 
contradiction because NSe"^ > 16.) 

Let a' = a — {k + l)e' and b' = b + {k + l)e', and let e = Xia',b') £ B** and B2 the 
hereditary C*-subalgebra of B corresponding to e. Since \{T!'{fkx)C,,C,) — {7i{fkx)ri,ri)\ < 
Se^/A, X G Q2, we have that 

I {ex^, - {exv, V) I < (^£72, x G ^2, 

where we have omitted tt and vr**. If ||e^|| > e (and e,6 are sufficiently small), then it 
follows that 

\Mx)^2,^2) - (7r2(x)?72,?72)| < X E g2\[a',b'], 

where 7^2 is the irreducible representation of B2 on eTij^ obtained by restricting vr, and 
^2 = and 772 = Her^H^^er^. Note that C[a', 6']®M„(8)Mfc is regarded as a subalgebra 

of the multiplier algebra of B2. Hence by |3]3 we can find a continuous path (vt) in ^(-82) 
such that fo = 1, ft — 1 G B2, vr2(fi)^2 = V2, and ||Adft(x) — x|| < e, x G J-'\[a',b']. If 
||e^|| < e, we set Vt = 1. In any case we have that vr2(fi)^2 ~ V2 up to e. 

Let Bq be the hereditary C*-subalgebra of 5 corresponding to Cq = X[o,a')- If ll^o^ll > ^, 
it follows that 

|(vro(x)^o,^o) - {Mx)Vo,Vo) \ x G ^0, 

where ttq is the irreducible representation of Bq on CoT^Tr obtained by restricting vr, and 
^0 = ||eo^||~"^eo^ and r/o = l|co^||~^eo77. Hence we obtain a continuous path (^ot) inW(-Bo) 
such that fo,o = ^, — ^ & Bq, vro(fo,i)^o = '70; and ||Adt'ot(x) — x|| < e, a; G ^|[0, a']. If 
||eo^|| < e, then we set VQt = 1. As before in any case we have that vro(t'o,i)^o ~ Vo up to 
e. 

In a similar way we obtain a continuous path (vu) in U{Bi) with i?i the hereditary 
C*-subalgebra of B corresponding to with similar properties to the above. Since 

||(e + eo + ei)^f = ||e^|p + ||eo^f + ||ei^f ^ 1 up to we get the desired path mU{B) 
by summing these paths (vt), (vot), and (fit). □ 

We recall that A is called an AH algebra (or an approximately homogeneous C*- 
algebra) if A is an inductive limit of C*-algebras of the form ©*Liej(Cj ® M„.)ej, where 
Ci is a unital commutative C*-algebra and e, is a projection of ® The class of 

AH algebras include UHF algebras and AF algebras. 

More generally, a C*-algebra A is called an ASH algebra (or an approximately sub- 
homogeneous C*-algebra) if A is an inductive limit of C*-algebras of the form 

k r 

did ® M„Jei © Dm^ ® Mk^, 
1=1 j=i 
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where the first term is given as above. Some classes of ASH algebras are classified in 
terms of K theory (see, e.g., H); in particular a certain class of ASH algebras of real 
rank zero is classified by Dadarlat and Gong 0. The following follows from 3^, 3^, and 
TU\ (3) and (5). 



Theorem 3.9 Any ASH algebra (in the above sense) has Property 



4 Crossed products of AF algebras by Z 

Let A be an AF C*-algebra. If a G Inn(y4) = AInn(y4) has the Rohlin property, then 
A Xq, Z is a simple AT algebra and hence, as being an AH algebra, satisfies Property |2.9|. 
More generally we have the following: 

Theorem 4.1 Let A be an AF C* -algebra and a G Aut(A). If the crossed product Ax aZ 
is simple, then Ax^Z has Property |^. Sj . 

Proof. If A Xq, Z is isomorphic to the compact operators, then this follows from p.9| . Hence 
we may assume that A x^Z is not of type I. (This assumption will be used only at the 
end of the proof.) 

Since A is an AF C*-algebra, there is an increasing sequence (An) of finite-dimensional 
C*-subalgebras of A such that A = U„A„. By passing to a subsequence of (A„) we 
find a sequence («„) in U{A) such that U2n+i G A fl with Aq = 0, U2n G A n 

Ad(M2„-lM2n-2 " " " Ml)a(^2n-l)', ll^n - 1 1| < 2^", and 

AdMia;(y4i) C A2 C Adu3U2Uia{As) C A4 C ■ ■ ■ . 

By replacing a by Ad ua with u = lim„UnU„_i ■ ■ - ui and passing to a subsequence of 
{An), we assume that 

a^\An) C An+i 

for all n. We denote by 1„ the unit of An- It is well-known that the crossed product 
A x^Z remains the same for this inner perturbation of a. 

Let u denote the canonical unitary in A x„ Z, i.e., A x^Z is generated by A and u 
with relation that ux = a{x)u, x E A. 

Let JF be a finite subset of A x^^ Z and e > 0. By taking a smaller e > if necessary, 
we can assume that JF is {e^l^ij \ s} U {Ikulk}, where (e^^ij) is a family of matrix units 
for Ak and s G {1,2,... ,Nk} corresponds to each direct summand of Ak- 

Assume that n G N is so large that 2/n < e. We take for Q the set 

{l,ejf")n"^el'+'"^lfc | s,z,j,t,a,6; m = 0, ±1, ±2, . . . , ±2n}, 

where we assume that 1^ is the sum of some of ej'^^^^"\ Let i? be a C*-algebra such that 
B D A XaZ and let vr be an irreducible representation of B with two unit vectors ^,77 
which define pure states uJi,U2 of B respectively. Let 6' > and suppose that 

|(7r(x)^,0 - (7r(x)?7,?7)| < 5', xeQ. 
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We may assume that 5' is so small that either, ||lfc^|| < e and Hlfcr^H < e, or otherwise 

for m,^ = 0, 1,2, . . . ,n and for some prescribed S > 0, where we have omitted tt, and 
6 = IllfcCir^lfcC and rji = ||lfc?7||-^lfc?7. 

In the former case we should just take a continuous path (vt) in U{{1 — lk)B{l — 1^)) 
such that Vi{l — 1^)^ (1 — lk)r) and set Uf — Vf + 1^. Since Ut commutes with T and 
U'lC ~ ^) this completes the proof. 

In the latter case suppose that the linear space C^^ spanned by M™e^'|^^"lfc^i with 
m = 0, 1, . . . ,n and all possible s,i,j is orthogonal to the space spanned by vectors 
of the same form with r/i in place of ^i. If 5 is sufficiently small, then we obtain vectors 
C(m, s, i, j) in L^^ for m = 0, 1, . . . , n and for all s, i, j with e^^jj^"'lfe ^ such that 

(«'"ei^r^ei,^M'r^6) = (C(m,5,z,j),C(^,t,a,?^)) 

and 

IKei^r^l,r?-C(m,.,^,j)||<e' 
for a small e'. Then we can define a projection E on C^^ + such that 



Then we find a.n h = h* E B such that = 1, and 7i{h)\C^ + = E, where ( denotes 
■ C(0, s, i, i) and vC,^ is the space spanned by ({m, s, i,i)'s. Define 



^ n— 1 



Then \\[u,h]\\ < 2/n < e. Since EsEi^i ^ A n A'^^^ and u^A^u-^ C A 



we have that h e B r\ A'j^. Also it follows that 



u 



^ u-'e%r^h{J2 cs,u;t,a,{^'ei'^^'''ki + C(J, t, a, b)) = 0, 

where Q;~-'(e^^]^"'')lfc = X] '^s,ii;t,cib^ttt^"'' Here we have used the fact that ef^^^'^"''' ( 
u^ef^f^^\i ~ CO) t-i ci-i b)- In the same way we obtain that 



- «-^(e^ro(ei-c). 
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Then, since a ^{Ik+n) > Ifc, it follows that 



m+0 ^ 



Hence 



e'^^'ei = e'^\i, + 0/2 + e'^^ir - 0/2 ^ + C)/2 - (6 - 0/2 ^ C- 



Thus we have that e^'^^l^^ ~ l^r^. Note that = e*'^*'* in lA{lkBlk) almost commutes 
with JF. On the other hand we take a continuous path {vt) in W((l — lk)B{l — 1^)) such 
that Vi{l — Ifc)^ «i (1 — Ifc)?]. Taking the sum of Wt and ft completes the proof in the case 

If ^ Cr^, then we find a unit vector 77' such that £g ± £^ ± and 

\{xT],ri) — {xr]',r]') \ < 5', x E G 

for an arbitrarily small S' > 0. We apply the previous argument to the pairs C,, tj' and 
r]',!] to produce appropriate continuous paths {ut),{vt) in U{B); in particular ui^ = rj' 
and ViT]' = Tj. Then the product (vfUt) satisfies the required properties. 

To find such an rj' we use the fact that A x^, Z is not of type I. Note that the set of 
vector states of A Z in this representation p = 7r|ylxQ,Zis weak*-dense in the state 
space of A Xq, Z. Hence there is a state of A x^, Z such that tt^ is disjoint from p and 

\ujrip{x) — (p{x)\ < 5', X e G, 

where we denote by uJr] the state on BiTi-,/) defined by the vector rj. Then we can find a 
sequence (Cn) of unit vectors in such that oJc^^p converges to ip in the weak* topology. 
Hence (Cn) must converge to zero in the weak topology; we can take the required rj' near 
C,n for a sufficiently large n. □ 

From the proof of the above theorem we obtain: 

Theorem 4.2 Let A he an AF C* -algebra and a G Aut(A). Then the crossed product 
Ax^Ti has the transitivity: For any pair of pure states Ui and 002 of Ax^Z with ker vr^j = 
kervr^^j there is an (3 (z AInn(A Xq, Z) such that uji = uj2l3. 

Proof. If uji ~ UJ2 then this follows from Kadison's transitivity. Thus we may assume that 
uji and UJ2 are not equivalent. Hence at least the quotient A Xq, Z/ ker vr^^ does not contain 



a non-zero type I ideal. We can prove this theorem just as Theorem 2.5 since A Xq, Z has 



the following property (where A denotes A Xq, Z). □ 



Property 4.3 For any finite subset of A and e > there exist a finite subset G of A 
and (5 > satisfying: Let B be a C* -algebra such that B D A. For any pair of pure states 
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uji and 002 of B such that Ui ~ 002, -B/kerTr^^j does not contain a non-zero type I ideal, 
and 

\uji{x) — uj2{^)\ < X e Q, 
there is a continuous path {ut)te[o,i] ^{B) such that uq = 1, Ui = uj2Adui, and 

||Adn((a;) — a;|| < e, x E T . 



Lemma 4.4 Let A he an AF C* -algebra and a G Aut(y4). Then the crossed product 
AXaZ has Property W^. 



Proof. The proof of this fact immediately follows from the proof of Theorem 4.1, since 



the assumption on B/'ken^^^^ substitutes the condition on A Z there. □ 



5 Purely infinite C*-algebras 

Let A e (0, 1) and let G\ be the subgroup of R generated by A" with n G Z. Equipping Gx 
with the order coming from R, Gx, being dense in R, is a dimension group, i.e., there is a 
stable AF C*-algebra Ax whose dimension group is Gx\ Ax is unique up to isomorphism. 
Let mx denote the automorphism of Gx defined by the multiplication of A; there is an 
automorphism ax of Ax which induces mx on Gx] is unique up to cocycle conjugacy 
0. If we denote by r a (densely-defined lower-semicontinuous) trace on Ax (which is 
unique up to constant multiple), ax satisfies that rax = Ar. Then it follows from 
that the crossed product x^,^ Z is a purely infinite simple C*-algebra. We can compute 
K^:{Ax y<a^ Z) by using the Pimsner-Voiculescu exact sequence; Kq = Gx/{1 — X)Gx and 
Ki = 0. When {/ G Z[t] \ /(A) = 0} = j9(t)Z[t] with some p{t) G Z[t], we have that 
Kq = Z/p(l)Z. By using the classification theory we know that we get all the stable 
Cuntz algebras C„ ® /C in this way. Recall that Ko(C„) = Z/{n — 1)Z if n < 00 and 



Ko{Ooo) = Z. Hence by using |2.11| and ^]5| we have: 
Lemma 5.1 All the C*-algebras of the form 



have Property \2.f\ , where n = 2, 3, . . . , 00 with n = 00 inclusive and = 1, 2, . . . , n — 1 
if n < 00 and k = 1,2, . . . otherwise. Moreover all the C* -algebras obtained as inductive 
limits of finite direct sums of C* -algebras of the above form have Property \2. ^ . 



Note that Ko{C{T) ® Mk ® On) = i^o(C„) and Ki{C{T) ® Mk ® 0„) = ii'o(Cn)- 
Tensoring with exhausts all possible pairs {Kq, [1]) for cyclic groups Kq. In a class 
of inductive limit C*-algebras is considered using the C*-algebras in the above lemma as 
building blocks. It is not difficult to show that the purely infinite simple separable unital 
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C*-algebras obtained this way exhaust all possible {Go,g,Gi) for {Kq, [l],Ki), where Go 
and Gi are arbitrary countable abelian groups and g E Gq. (Given any pair of countable 
abelian groups Gq, Gi and g E Gowe find an inductive system {Gin, <Pin) whose hmit is Gi, 
where all Gin is a finite direct sum of cyclic groups; for i = we specify gon G Gon with 
(f>on{gon) = go,n+i SO that (gon) represents g. Let Gn = Gon © Gin and gn = 5'on © and 
extend (pin : Gj„— >Gj^„+i to a map 0j„ : by adding zero maps. Then it follows 

that Gi is the inductive limit of {Gn, (pin) for i = 0,1. For each G„ we take a direct sum 
An of G*-algebras of the form G(T) ©M^. ©C„ with K^{An) = Gn and [1] = gn- Then we 
find a unital homomorphism ipn ■ A„— such that ipn induces (pin for i = 0,1 and ipn 
is a non-zero map from each direct summand of An into each direct summand of An+i, 
moreover ifn maps the canonical unitary 2;©1©1 of each direct summand G(T)©Mfc©(9„ 
of An to a non-zero unitary u for each direct summand of An+i such that the spectrum 
of u evaluated at each t G T is T (a considerably weaker condition will suffice; see for 
details); the latter is imposed to insure that the inductive limit A of {An,ipn) is simple. 
Then A satisfies that Ki{A) = Gi and [1] = g.) 

Let Coo denote the class of purely infinite separable simple G*-algebras satisfying the 
Universal Coefficient Theorem, i.e., Coo is the class of G*-algebras classified in terms of 
K theory by Kirchberg and Phillips [§, 0. Since all of Coo can be obtained as inductive 
limits as discussed above, we have: 

Theorem 5.2 Any C*-algebra A in C^o has Property ^.dj . In particular AInn(y4) acts 
transitively on P{A). 



6 The group C*-algebras of discrete amenable groups 

Theorem 6.1 If G is a countable discrete amenable group, then the group C* -algebra 
C* {G) satisfies the transitivity: for any pair of pure states uJi and LJ2 with ker 71^-^ = ker tt^^j 
there is an a E AInn(G*(G)) such that ui = uj2a. 

Proof. If uji ~ UJ2 then this follows from Kadison's transitivity. Thus we may assume that 
LOi and U2 are not equivalent. Hence at least the quotient C*{G)/I with / = kervT;^- does 
not contain a non-zero type I ideal. We can prove this theorem just as Theorem p.5| (or 



4.2) once we have shown the following: □ 



Lemma 6.2 If G is a discrete amenable group, C*{G) has Property 4-5 . 



Proof. Since G is a discrete amenable group, for any finite subset of G and e > there 
is a finite subset ^ of G such that 



\Q A gg\ 



< e, g eJ^, 
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where A denotes the difference of sets and | • | denotes the number of elements. We may 
suppose that Q 3 1. 

Suppose that C*{G) is a unital C*-subalgebra of B and let vr be an irreducible repre- 
sentation of B. Let 5 > and let ^, r) be unit vectors in such that 

\{n(g)^,n(h)0-{Ag)v,7r(h)ri)\<5 

for g,h e Q. 

First suppose that the linear subspace spanned by Tr{g)^, g G Q and the linear 
subspace spanned by 7i{g)i], g E Q are mutually orthogonal. Then for a sufficiently 
small S > there is a family {C{g)) of vectors in H Q C^, which is infinite-dimensional, 
such that 

\\7T{g)v-C{9)\\<e\ geg, 

for small e' > and 

{nig)^,nih)0 = {a9),ah)). 

Since Ti{g)C ft; Ti{g)r] ^ ({g) ior g e G with C = C(l), we have that ||7r(^)C - C(^)ll < 2e'. 
Then there is a projection on £^ + £^ such that 

E{7i{g)C + ag)) = 0, 

Ei7rig)C - Cig)) = H9)C-a9)- 

where £^ is the subspace spanned hj ({g), g & Q. Then we find an h — h* & B such that 
\\h\\ = 1 and 

Set ^ 

TQi^9~^hg, 

which is a self-adjoint element in B with norm at most one and satisfies that < 
e, g & Note that for g & Q, 

Wff-'M(e + C)ll<2e' 

and 

\Hg-'hg){^- 0-i^-0\\<2e\ 
Then we obtain that 7r(e*'^'*)^ fti ( because 

lk(e"^)e-CII 

^ II E + Oil + II E ^(-(^"') - i)5tt - Oil 

m=l m=l 

< e'{e'^ - l + Tre'^). 
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Define Ut = e^^'^^, which is a continuous path in U{B) satisfying || [ut, g]\\ < ne, g E J-" and 
7r('Ui)^ ~ C ~ Hence this completes the proof in the case that ± Cj)- 

If / Cri, then we first find a unit vector rj' such that ± C^i', -L -C,,', and 

\{'K{g)ri,'K{h)vi) - {TT{g)ri',n{h)r]')\ < 6' , g.heQ 

for a very small 5' > 0. We apply the previous argument to the pairs S,-, Tj' and rj' ,7] to get 
the conclusion. 

To find such an rj' we may argue as in the proof of |2.3| (see also the final part of the 
proof oiTX). Let e G -B be such that < e < 1 and 

\\eh'^ge — uj2{'k {h^^ g))e^\\ < 5' , g,h E Q, 

where U2 is the vector state defined by rj. If there is no such t]', then the spectral projection 
of 7r(e) corresponding to [1 — 6', 1] must be finite-dimensional; i.e., tt{B) contains the 
compact operators on H-,,, which is excluded by the assumption. □ 



7 Strong transitivity 



We first introduce the following property for a C*-algebra A which is stronger than 2.9: 



Property 7.1 For any finite subset J-" of A and e > there exist a finite subset Q 
of A and 5 > satisfying: If B is a C* -algebra containing A as a C* -subalgebra and 
LJi,LJ2, . . . , ujn, V^i, V^25 • • • 5 V'n o'^c pure states of B such that 

1. (tUj) are mutually disjoint, 

2. uji (fi for i = 1,2, .. . ,n, 

3. \uji{x) — ^i{x)\ < 5, X E Q , i = 1,2, . . . ,n, 

then there is a continuous path {ut)te[o,i] such that Uq = 1, uJi = (ptAdui, i = 

1, 2, . . . ,n, and 

\\Adut{x) - a;|| < e, x e t e [0, 1]. 

We can actually show the above property for all the C*-algebras for which we have 
shown Property pl9[ This is because we can use the same argument for each pair uji, ipi up 
to the point where we invoke Kadison's transitivity; instead of working in one irreducible 
representation of B we are now working in vr^^, which is a direct sum of mutually 

disjoint irreducible representations. We have to find an element h in the C*-algebra B with 
the prescribed property in this larger space. But there is a form of Kadison's transitivity 
in this generality (cf. 1.21.16 of [l^l); so we are done. 

The following follows just like 
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Lemma 7.2 If uji,ui2, . . . , tUn, y^i, v^2, • • • , V^n are pure states of A such that 

1. {(fi) are mutually disjoint, 

2. ker vr^^ = ker vr^^ for i = 1,2, .. . ,n, 

then for any finite subset T of A and e > there is a u E V({A) such that 
\uji{x) — ipiAd u{x) I < e, X E J-', i = 1,2, . . . ,n. 



Theorem 7.3 Suppose that A is a separable C* -algebra satisfying Property |y. j| . Let 
('^i)i<j<n and {fi)i<i<n be finite sequences of pure states of A such that (uji) (resp. {^i)) 
are mutually disjoint and kervr^^ = kervTip. for all i. Then there is an a E Khm{A) such 
that uJi = ifia for all i = 1,2, ... ,n. In particular if {u!i)i<i<n+i are pure states such that 
they are mutually disjoint maybe except for the pair uJi,uJn+i and all kerir^. 's are equal, 
then there is an ot G AInn(j4) such that uo^ot — ujij^i, i — 1,2,... ,n. 



The proof goes just like the proof of does. We present what we use at each induction 
step in a form of lemma: 



Lemma 7.4 Suppose that A satisfies \7. 1[ For any finite subset J-" of A and e > there 
exist a finite subset Q of A and 6 > satisfying: If uji,ipi, i = 1,2, . . . ,n, are pure states 
of A such that 

1. [ifi) are mutually disjoint, 

2. ker TT;^- = ker vr,^^ for all i, 

3. \uji{x) — (Pi{x)\ < 6, X E Q , i = 1,2, . . . ,n, 

then for any finite subset T' of A and e' > there is a continuous path {ut)te[o,i] in U{A) 
such that uq = 1, 

\uji{x) — ipiK(lui{x)\ < e' , X E T' , i = 1,2, . . . ,n, 
||AdMt(x) - x|| < e, X G J", t G [0, 1]. 

Finally we present another version of transitivity: 

Theorem 7.5 Suppose that A is a separable C* -algebra with Property \7. 4 Let (tt^) 
and (pn) be sequences of irreducible representations of A such that (7r„) (resp. (pn)) are 
mutually disjoint and kervr^ = ker p„ for all n. Then there is an a E Alnn(A) such that 
TTn = Pn« for all n G N. In particular if (7r„)nez are irreducible representations of A such 
that they are mutually disjoint and all ker7r„'s are equal, then there is an a E Alnn(A) 
such that T^nOi = 7fn+i for all n. 
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Proof. The proof is similar to the one of [7.3| . We will construct pure states Un (resp. (fn) 
associated with 7r„ (resp. p„) inductively such that 00^ = ipnOi holds for all n. To introduce 
a new pair of pure states at each induction step we will use the following easy lemma. □ 

Lemma 7.6 Let tt and p be mutually disjoint irreducible representations of A with ker vr = 
ker p and u G U{A). Then for any finite subset Q of A and 5 > there are a pure state 
ijj associated with n and a pure state ip associated with p such that \uj{x) — ipAdu{x)\ < 
(5, X e G- 

Remark 7.7 If A is a non type I separable simple C*-algebra with Property |7. 1| , it follows 
from the above theorem that there is an a G AInn(74) such that all non-zero powers a" are 
outer. Since for any injective map of Z into the set of equivalence classes of irreducible 
representations of A there is an a G AInn(y4) such that u}{n)a = uj{n + 1), n G Z, it 
follows that the quotient AInn(A)/Inn(y4) is uncountable. 



8 Remarks on Property |2T^ 



Looking at the proofs of |3.4H3.8| and [4.1| etc., we come to know that the path [ut] in 
Property p.9| may be chosen so that its length is dominated by a universal constant, 
which is only slightly bigger than vr. (This follows by modifying the proofs given there; it 
is 2tt instead of vr that follows immediately.) Taking this fact into consideration, we first 
introduce the following stronger condition: 

Property 8.1 (for a C* -algebra A and a constant C > n) For any finite subset J-" of A 
and e > there exist a finite subset Q of A and 6 > satisfying: If B is a C* -algebra 
containing A as a C* -subalgebra and uji and 102 are pure states of B such that ooi ~ 002 
and 

\uji{x) — co'2(a;)| < 6, x e Q, 

then for any e' > there is a rectifiable path {ut)telo,i] ^{B) such that Uq = 1, Ui = 
u;2AdMi, length((ut)) < C + e', and 

||Ad'Ut(x) — x|| < e, X & J-", t E [0, 1]. 

As asserted above, in the cases we handled in the previous sections, the C*-algebra A 
has this property for C = vr. If A = C, then C = 7r/2 suffices for the above property to 
hold. If the property holds for all A = C" with n G N and for a constant C, then one 
can check that C > n. To illustrate these points we give two propositions: 

Proposition 8.2 Let Ti be a Hilbert space and e be a projection in Ti. If C, and rj are 
unit vectors in Tt such that {e^,0 = {^V^v)> there is a rectifiable path {ut)t£[o,i] in the 
group U(H) of unitaries on TC such that uq = 1, = Xrj for some A G T, [ut,e] = 0, 
and length((-Ut)) < Tr/2. 
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Proof. There is a A e T such that 

^{e^,\r])>0, ^{{l-e)C,Xrj)>0. 

Hence we only have to apply the following proposition to the pairs e^, Xerj € eTi and 
(1 — e)^, A(l — e)r] € (1 — e)7i separately to reach the conclusion. □ 

Proposition 8.3 Let H. he a Hilbert space and ^,r) unit vectors in Ti. If & [0,7r] is 
such that 3^(^,77) = cos^, then there is a rectifiable path {ut) in U{H) such that Uq — 1, 
Ui$, = rj, and length((M()) = 9. Moreover for any rectifiable path (vt) inU{Tl) with Vq — 1 
and Vi^ — T), it follows that length((vt)) > 9. 

Proof. U r] — e=^*^^, then we set Ut — e=^'*^. 

Suppose that ^ and rj are linearly independent. For i e [0, 1] let 

C{t) ^ cos 9t-i + sin 9t {sin 9)'^ {rj - cos 9 ■ . 

Then ^(0) = C, and ^(1) = rj. Since ^{^,r) — cos 9 -0 = ll'? ~ cos 6' • ^|| = sin 6*, it 
follows that = 1 and W{t)\\ = 9. Thus is a path in the unit vectors of H 

and its length is 9. 

We define a{t) e R by 

ia{t) = {e{t),m) =iO{sm9)-'^{r),0 

and p{t) e R by 

p(t) = \\cit)-tamm = id-c^it)Y^'- 

Since both a{t) and P{t) are constants, we write a{t) = a and P{t) = [3. Let C,{t) ~ 
(3~^{^'{t) — ia^{t)) and define a self-adjoint operator h{t) by 

h{t) = am ® m - ipat) ® m + ® at) - ^cw ® m- 

Then {h(t)) is a continuous path in the set of self-adjoint operators in H such that 
ih{t)at) = ^'{t) and 

\\hm = ia' + P')'/' = 9=U\t)\\. 
We define a path {u{t))te[Q,i] in U{7i) by 

^u{t) = ih{t)u{t), u{0) = 1. 

In fact, since f^u{t)*u{t) = = j^u{t)u{t)*, we have that u{tyu{t) = 1 = u{t)u{ty. We 
also have that length = 9. Since u{0)^ = C = C(0) ^-nd 

= -2^{thit)uit)^, m - 23?(«(t)e, eit)) 
= 0, 
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we have that u(t)^ = ^(t); in particular = t]. Thus {u(t)) is the desired path in 

UiH). 

Let (fj) be a rectifiable path in U(Ti.) such that vq = 1 and fi^ = r]. Since 

it follows that the spectrum Spec(fi) has an e*"^ such that cosip < cos9 = 3?(^, t]). For any 
e > we find a sequence (to, ^i, • • • , tn) in [0, 1] such that to = < ti < ^2 < ■ ■ ■ < = 1 
and \\vt^ — fti_J| < e. Then, by the following lemma, we find a Aj G Spec(fjJ such that 
A„ = e**^ and |Aj — Aj_i| < \\vt^ — 'yt,_J|. Hence 

n n 

^ |Ai - Aj_i| < ^ - t;t^_J < length((i;t)). 

1=1 i=0 

Since Ao = 1, A„ = e**^ and e > is arbitrary, we obtain that ip < length((t'f)). Since 
9 < ip, this completes the proof. □ 



Lemma 8.4 Let A be a C* -algebra and let u,v E U{A). If X E Spec(-u), then there is a 
fi G Spec(f ) such that \X — fi\ < ||m — t>|| . 

Proof. Let 6 = \\u — v\\ and w = u*v. Since ||1 — w\\ = S, it follows that Spec(w) C 
{e'* I \t\ < 9} = Tg, where 9 = 2 sin""*^ 5/2. Let be a state of A such that lj{u) = 
A G Spec(M). Then u{w) = uj{u*v) = Xu^v). Hence Xu^w) = uj{v) belongs to the convex 
closure of XTq, which implies that Spec(f ) fl XTg 7^ 0. □ 

We seem to need the above stronger property to prove: 



Proposition 8.5 // a C* -algebra A has Property 8.1 for a constant C > tt and Ai is a 



hereditary C* -subalgebra of A, then Ai has Property |g. j| for the same constant C. 
To show this we first present the non-unital version of p.lOj : 



Lemma 8.6 When A is non-unital, Property \8.1\ is equivalent to the one obtained by 
restricting the ambient C* -algebra B to a C*-algebra having an approximate identity for 
A as an approximate identity for B itself. 

Proof. Technically the proof will be similar to the proofs of p.7| and |3.8| . 

We assume the weaker property for A: For (JF, e) there is a {Q, 5) satisfying: \i B ^ A 
and B = ABA, and ui and U2 are pure states of B such that ui ~ U2 and —uj2{x) \ < 

S, X E Q, then for any e' > there is a rectifiable path (Mt)tg[o,i] in U{B) such that uq = 1, 
Ui = ci;2AdMi, length((Mt)) < C + e', and ||AdMt(a:;) — s|| < e, x E J-', t E [0, 1]. 

Let J-" be a finite subset of A and e > 0. We may assume that ||a;|| < 1 for a; G JF, e > 
is sufficiently small, and that there is an e G A such that < e < 1 and exe = x, x E T . 
Let E be a C*-algebra with B ^ A. 
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Let e' > be such that 2\/l{C + sVe') < e and let M, G N be so large that 
Me'^ > 4 and > 2C. There is a sequence (eo,ei,... ,eM(N+i)) in A such that 
CoXCo = x, x G JF, < Cj < 1, and ejej_i = ej_i. Let o? > 1 be a very large constant and 
let = JF U {dci \ < i < M{N + 1)}. For (JF^, e) we choose a 5) as in the weaker 
version of Property |8.1| . We may assume that < 1, x G Q and S < 1. 

Let TT be an irreducible representation of B and ^, unit vectors in H-,,. Suppose that 

\{7i{x)^,0-{n{x)r],r])\<6e"/2, xeQ. 

There exists a j between 1 and (M — l)(iV + 1) inclusive such that 

{TT{ej+N - ej_i)^,0 + (7r(ej+Ar - ej.i)?],?]) < e'V2. 

(Otherwise we would be led to a contradiction, < 2.) If (7r(ej_i)^, ^) > e'^, then 

we have that for = ||7r(e](_^J^||"V(e](_^J,^ and r]i = ||7r(e]^^Jr7||"V(e](_^J?7, 

l(7r(x)^i,G) - {'^ix)r]i,r]i)\ < 6, x eQ. 

Here we have used that 

II - PMl^i < m. 



Then, since ^i^rfi G 7r(y4)7i^, there is a rectifiable path {ut) in IA{ABA) such that = 1, 
= Vii length((ut)) < C + e', and ||AdMt(a;) — x\\ < e, a; G JFi. Moreover we 
may assume that the length of {ut)t^[Q^s] is proportional to s for any s G [0, 1]. We set 
Pk = ej+k - Cj+fc-i and define 

Zt = UtCj + ^ U^i_k/N)tPk + 1 - Cj+N-l- 
k=l 

Let Bq be the closure of ej+N-iBcj+iy^i. Then (zt) is a path in Bq + 1, from which we 
shall construct a path (vt) in U{Bq) with appropriate properties. 

Note that ||['Uj,ej]|| < e/d, where (i 3> 1 is chosen independently of N; i.e., ej]|| ~ 
0. Since Ztx = Utx and xzt ~ xut for x G JF, we have that ~ ||[Mt,a;]|| < e for 

X E J-'. Thus by making d sufficiently large, we may assume that || [zt, x] || < e, a; G JF. 

Let Pq = Cj and p^r = 1 — Cjj^N-i- Then ^^g^''^ ~ ^^"^ ^''^^'^ = if |fc — £| > 1. Let 
s(pfc) denote the support projection of pk in i?**. Then we have that 

II (2;^ - U(i^k/N)t)s{PkW 

= ||(M(l-(fc-l)/Ar)tPA:-l + U{i_k/N)tPk + M(l-(A:+l)/Af)tPfc+l — M(l-A:/Ar)t)s(pA;) ||^ 
= \\{{.'^{l-(k-l)/N)t — U{i^k/N)t)Pk-l + (M(l-(fc+l)/Ar)t — U(i^k/N)t)Pk+l} s{pk)V 
~ ||'5(Pfc){Pfc-l('?^(l-(fc-l)/Ar)t — ^(l-A;/Af)t)*('?^(l-(fc-l)/Af)t — U(i^k/N)t)Pk~l 
+Pk+l{U(l^(k+l)/N)t — U(i-k/N)t)*{U(l-{k+l)/N)t — U(i-k/N)t)Pk+l}s{pk)\\ 



- ^ N 
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where p_i = = Pn+i- Since C/N < e'/2, we may assume that 

\\{zt - U(^i-k/N)t)s{pk)\\ < e'. 



Since 



N 

k=0 

N 

1/2 I 



= II ^Pk^ii^t - '"(l-fc/JV)t)^t + Uli_k/N)M - U^l-k/N)t)}Pk 
k=0 

< e'(2 + e'), 

we may assume that \\z^Zt — 1|| < 3e'. For < s < t < 1, let 

N 

y{s,t) = ^pl^'^{u^i-k/N)t - U{i-k/N)sy {U{i-k/N)t - U{i-k/N)s)Pk'^ ■ 
k=0 

Then we have that 

Us,t)\\<iC + erit-sy 

and 

\\{zt- Zs)*{zt- Zs) -y{s,t)\\ 

~ II ^PkH^t - ZsYizt - zs)p]!'^ - y{s,t)\\ 

= II ^P]!'^{{{^t - Zs)* - {U(i-k/N)t - «(l-fc/iV)s)*)(^t - Zs) 
+ {u(l-k/N)t — U(^i_k/N)s)*{Zt — Zs — {U(i_k/N)t — '^{l-k/N)s))}Pk'^\\ 

<2^{\\zt-Zs\\ + {C + ^){t-s)). 
Hence we have that 

\\zt - ZsW < (C + e')'(t - s)' + 2e'(C + e'){t - s) + 2^\\zt - + e", 

or 

{\\zt -ZsW- e')' < (C + e')'(t - s)' + 2e'(C + e'){t - s) + e'' + e" 

for an arbitrarily small constant e" > 0. Assuming that t — s > -\/2e' and e'^ > e", we 
have that 

{\\zt -ZsW- < (C + e' + v^)^(i - s)\ 

which implies that 



< (C + e' + Ve')(t-s) + e' 

< (C + e + 2v^)(t-s) 

< (C + 3Vi')(t-s). 
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We choose a sequence (ii)^o [0> 1] ^^^h that to — < ti < ■ ■ ■ < tm — i and 

C + 8Ve' 

Noting that \\\zt^^ — 1|| < 3e' <C e, define v^. = ^^tj^^tj"^ G U{Bq). Then we have that for 
a: e 

-x-utjl < 2\\vt^ - Zt^W + \\zt^x - xzt^W 

< 2\\l-\ztM + \\[ZU:X]\\ 

< 6e' + e < 2e 

and that 

\\vu-vt,_A\ < - k*J)ll + Ik*. - + - k*.-J)ll 

< (C + 3\/7)(ti-ti_i) + 6e'. 
Thus, since 5v^> 6, we have that 

hu - ^ti-ill < (C + 8Vi')(ti - ti-i) < e. 

Let 

y^/i, = lnK<_ J = ln(l - (1 - J); 

then 

< iii-w:_ji + iii-^'t,<_ji' 

< (C + 8v^)(t, - + (C + 8Vi')'2Vi'(ti - t^-i) 

< (C+(3C2 + 8)y7)(t,-ti_i). 



We define, for t e 



f^i li— 1 



Then (u^) is a path in U{Bq) n (i?o + !)• Moreover (tif) is a rectifiable path satisfying that 

\ength{{vy)y^ys,t]) < (C + (3C" + 8)v^)(i - s). 

If t e then \\vt — Vti_^\\ < e and hence ||Adwt(a;) — x\\ < 4e for x ^ T. Since 

= ''71 and lll^tl — 1|| < 3e', we have that ||7r(vi)^i — r\\\ < 3e'. This is how to 
construct the path (vt) in U{Bq) in the case (7r(ej_i)^, ^) > e'^. Otherwise we simply set 

vt = leU{Bo). 

Let i?i be the closure of (1 — ej+Ar)i?(l — Cj+Ar). If ((1 — 7r(ej+iv))'Ci > ^'^i set / = (1 — 
e,+iv)i/2 G El + 1, 6 = IK(/)erV(/)e, and r/2 = IK(/)r/||- There is a rectifiable 
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path (wt) in U{Bi) such that Wi = 1, 7r(wi)^2 = Vi, and \eiagth.{{wu)ue[s,t]) < 7r(t — s). If 
((1 - 7i{ej+Nm, < e", set Wt = I E U{Br). Let = {vt - 1) + K - 1) + 1 G U{B). 
Note that if (7r(ej_i)^,0 > 

llk(efi)e||-||7r(efjr^|||<5672 <e' 

and that if (7r(l — Cj+at)^,^) > e'^, 

|||7r((l - e,+;v)^/')ell - Mil - e,+;v)^/')^||| < Se' /2 < e' . 

Note also that 

lie-vr(efje-vr((l-e,+^)i/^)eir 

= 1 + (vr(e,_i)e,0 + ((1 - ^(e,+7v)e,0 - 2(7r(ef,)e,e) - 2(vr((l - 6,+^)^^)^^^^ 
< (7r(e,+^-e,„i)e,0 <e'V2. 

Thus 7r(Mi)^ ^ r/ up to the order e'. Since C > tt and Hm*— = max(||t>t— t>s||, w^H), 
it follows that length((Mt)) < C + (3C^ + 8)-^^- Since Wt commutes with JF, it also follows 
that ||AdMf(x) — x|| < 4e, x G J^. We then find a rectifiable path {wt) in such that 

wq = 1, n^wiUi)^, = r], \\wt — 1|| is of order e', and length((ti?t)) is of order e', and then 
form a new path connecting {ut) with [wtUi), which is the desired path. This completes 
the proof. □ 



Proof of Proposition \8.^ If the hereditary C*-subalgebra Ai has a unit, this follows 
from (the proof of) |2.11| . If Ai has an approximate identity consisting of projections, this 
also follows from Thus we assume at least that Ai has no unit. 

Let JF be a finite subset of Ai and e > 0. We may assume that ||x|| < 1 for x G JF, e > 
is sufficiently small, and that there is an e G Ai such that < e < 1 and exe = x, x E T . 
Let i? be a C*-algebra containing A\. By the previous lemma we may assume that 
B = AiBAi. 

Let D be a C*-algebra such that i? is a hereditary C*-subalgebra of D, D D A, and 
the following diagram is commutative: 

Ai C B 

n n 

A c D 

Let e' > be such that 2^/e'{C + SV?) < e and let M, G N be so large that 
Me'^ > 4 and A^e' > 2C. There is a sequence (eo,ei,... ,eM{N+i)) in Ai such that 
eoxeo = X, x G JF, < Cj < 1, and CiCi-i = Ci-i. Let d be a very large constant and let 

= JF U {dci I < z < M{N + 1)}. For {J-'i,e) with JF^ as a subset of A, we choose 
(^1, 6) as in Property O for {A, C). We set 



Q = {eM(N+i)xeMiN+i) I X G ^i} U {ci I < i < M{N + 1)}, 
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which is a finite subset of Ai. 

Let vr be an irreducible representation of B and ^,77 unit vectors in Ti^^. We extend vr 
to an irreducible representation p of D; Tin C Hp. Suppose that 

\{7rix)^,0-{TTix)r],r])\<Se"/2, xEQ. 

There exists a j G {1, 2, . . . , (M - 1)(A^ + 1)} such that 



If (nlej-i)^,^) > e'^, then we have that for the normalized vectors ^i,rii for TT{ey^^)^, 



T^ie^-i)?] respectively. 



which implies that 

Then there is a rectifiable path {ut) in U{D) such that uq = 1, p(mi)^i = rji, \\Adut{x) — 
x\\ < e, X G JFi, and length(('Uy)j,g[s ^j) < (C + e')(t — s) for < s < t < 1. Let Bq 
be the closure of ej+N^iDej^N-i, which is a hereditary C*-subalgebra of B. Then, as 
in the proof of the previous lemma, we obtain a rectifiable path {vt) in U{Bq) such that 
Vq = l,7i{vi)^i = rji, Vt-1 G Bq, \\Advt{x)-x\\ < 4e, x G J^, and length((fy)yg[^^j]) < (C+ 
(3C^ + 8)^/e'){t — s) (by making d sufficiently large). On the other hand if (7r(ej_i)^, ^) < 
e'^, we set Vt = I e U{Bq). 

Let Bi be the closure of (1 — ej+Ar)i?(l — ej+Ar), which is a hereditary C*-subalgebra of 
B. If ((1 — 7r(ej+7v))^, > ^'^5 let ^2 and ?72 be the normalized vectors for 7r((l — ej+Ar)^/^),^ 
and 7r((l — ej+Ar)^/^)// respectively. There is a rectifiable path {wt) in U{Bi) such that 
t(7o = 1, 7r(iyi),^2 = Wt — 1 G -Bi, and length((wj^)j^g[5 ^j) < 7r(t — s). Note that 
{wt - l)x = = x{wt - 1), X e T. If ((1 - 7r(ej+jv))^,0 < 'e'^ we set ti;* = 1 G U[Bx). 
Let = (tij — 1) + [wt — 1) + 1 G U.{B\ from which one can construct the desired path 
as in the proof of the previous lemma. □ 



Hence Propositions |2.11| and |3]^ can be extended as follows: 

Remark 8.7 If Cc denotes the class of C*-algebras satisfying Property ^.l| for a constant 
C > 71, then the following statements hold: 

1. If A is a non-unital C*-algebra, A G if and only if A G Cc, where A is the 
C*-algebra obtained by adjoining a unit to A. 

2. If Ai, A2 G Cc, then Ai © A2 G Cc- 

3. If A G Cc and Ai is a hereditary C*-subalgebra of A, then Ai G Cc- 

4. If A G Cc and / is an ideal of A, then /, A/ 1 G Cc- 
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5. If (An) is an inductive system with An G Cc, then hm„yl„ G Cc- 

Remark 8.8 If A is a (unital or non-unital) C*-algebra with Property and C is a 
(unital or non-unital) commutative C*-algebra, then A^C has Property ^.11 for the same 
constant. 
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